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An examination is made of the possible error introduced by neglecting 

the nature of the radial  temperature distribution when calculating the 

temperature fieId in a eyIindrical heating shell. 

In ma thema t i ca l  model ing  of uns teady heat t r a n s f e r  
in a s ing l e -phase  i n c o m p r e s s i b l e  seetion, it  is i m -  
portent  to know the poss ib le  e r r o r s  in t roduced by a 
s impl i f ied  examinat ion  of the p roces s  of accumula t ion  
of heat  in the meta l  of the heat ing e lement .  In the m a -  
jo r i ty  of cases ,  when examining  the dynamic  c ha r a e -  
t e r i s t i c s  of this kind of hea t -exchange  equipment,  we 
neglect  the effect of the r ad ia l  t e m p e r a t u r e  d i s t r i b u -  
tion in the meta l  of the heat ing e l emen t  [ 1 - 3 ] .  F o r  
fixed r e l a t ionsh ips  of the technica l  t he rma l  p a r a m e t e r s  
and the geomet r i c  d imens ions  of the heater ,  this e xa m-  
inat ion may give an apprec iab le  dynamic e r r o r ,  espe-  
t i n i l y  in the h igh- f requency  reg ion .  On the other  hand, 
high accuracy  of cMculat ion is not r equ i r ed  in a n u m -  
ber  of eases ,  and compl ica t ion  of the ma themat i ea I  
model  is not n e c e s s a r y .  

In this paper  an examina t ion  is made,  on the exam-  
pie of a holIow cy l indr i ca l  heat ing shell ,  of the expe-  
diency of us ing  the exact  and the approximate  solut ions,  
and an e s t ima te  is made  of the poss ib le  e r r o r .  

We shal l  examine  the der iva t ion  of the exact  t r a n s -  
fer function for the sect ion under  cons idera t ion  (ne-  
gleet ing heat  conduction of the meta l  and of the heat  
t r a n s f e r  agent in the axial  di rect ion,  and heat  eonduc-  
t ion of the agent in the r ad ia l  direct ion) ,  which will  
allow us to make a valid de t e rmina t ion  of the condi-  
t ions when it is poss ib le  to s impl i fy  the ma themat i ca l  
model  by rep lac ing  the heat  conduction equation by a heat  
ba lance  equation for the meta l  of the heat ing e lement .  

I t  is  known that  the dynamic  c h a r a c t e r i s t i c s  of a 
s ing l e -phase  sect ion,  a heat ing shel l  of f ini te  length 
l with a f ini te  value of the ra t io  of outer  to i nne r  
d i a m e t e r ,  R =de/d i ,  washed ins ide  by an i n c o m p r e s -  
s ible  heat  t r a n s f e r  agent, a re  de t e rmined  by two c ha r -  
a c t e r i s t i c  t imes :  the t ime  for a pa r t i c l e  of the agent 
to t r a v e r s e  the c i r cu i t  of the sect ion,  72, and a t ime  
constant ,  71 , which d e s c r i b e s  the in tens i ty  of heat  
t r a n s f e r  f rom the sur face  of the e lement  to the agent.  

For  a s i ng l e -phase  i n c o m p r e s s i b l e  fluid 

lyd~ 
T 2 =  G - 4  ( i)  

is d e t e r m i n e d  in an e l e m e n t a r y  way f rom the r e l a t ions  
de sc r ib ing  the equ i l i b r ium state  of the p rocess  and 
appear ing  in the coeff icients  of the heat  ba lance  equa-  
tion for the heat  t r a n s f e r  agent  

Ot +GC Ot-=ap(t~[di --t) (2) cva~ -~ oT Ox 

with the boundary  condit ion at x = 0 

t = tin. 

Equat ion (2) was  obtained r igorous ly ,  if it is con-  
s ide red  that  the veloci ty of the agent  is the s ame  over 
the c ros s  sect ion of the channel .  In other words, this 
is  a defini te  approximat ion,  jus t  l ike the in t roduct ion  
of the heat  t r a n s f e r  coeff icient  in the uns teady r e g i m e .  

Y a 

2 

! 

O ~  

-I 

-' [ 

c 

' / 
l 0r 

- /  

-2 

/ / 
/ ~ / " - -  

/ 
l d l  I l l  I II l l l l  

) / I ]1 ] ! ]  A ] I ] I  

I I I I I I I I I 1  
2 ,,~ 6 8 10 O g O 6 �9 IO 

Graphical  i n t e r p r e t a t i o n  of the equation 
Io (,v.) N~ (~R) --I, (~R) No( ~ ) = _  .~L~ 
1,1~) N, (~R) --Nt (p) I,(pR) Bi 

for d e t e r m i n i n g  tim e igenvalues  #n for  a hollow 
cy l ind r i ca l  geomet ry  with va r ious  va lues  of the 
geomet r i c  p a r a m e t e r  R: a) R = 1.2; b) 1.5; 

e) 2.5; d) 3.0; 1) Yi = - # / B i .  

In turn,  T 1 is  cha rac t e r i zed  by the coeff ic ient  of 
heat  t r a n s f e r  between the sur face  of the heat ing e l e -  

men t  and the medium being heated, and also by the 
heat  conduction p rope r t i e s  of the meta l  of the heat ing 
e lement ,  and is fo rma l ly  defined as the t ime  cons tan t  
of the exponent ia l  approximat ion  to the t imewise  v a r i -  
at ion of the t e m p e r a t u r e  of the i n t e r n a l  su r face  of the 
heat ing e lement ,  when the re  is a d iscont inuous  change 
in the power of the i n t e rna l  heat  sou rce s .  

F o r  a constant  value of the t he r ma l  conductivi ty k 
we have the equation of heat  conduction with in t e rna l  
heat  sources ,  wr i t t en  in d i me ns i on l e s s  form, 

0v 0 0  
- -  = Fo Av + q - -  - -  (3)  
aT aT 

with the boundary  and in i t i a l  condit ions 

1 0 v  
B-Y 0--~ +'ldi  = 0, 
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where 

0 • a e  = 0 '  vl,=0 = 0 ,  (4) 

t. - -  t.o t -  t o 
~ = T - - |  

qv. (x~/CM Y.) qv. ('%/C~ y.) ' 
qv - -  qv, . r 

q ~  , T , : - -  
qy~ "r2 

and d i is the c h a r a c t e r i s t i c  geomet r i c  d imens ion  for 
the sect ion of the hea te r  shel l .  

We shal l  seek a solut ion of Eq. (3) in the form: 

,, = ~ .  ( r )x .  (r), (5) 
n==0 

where Xn(r) is an eigenfunct ion of Eq. (3) with bound-  
a ry  condit ions (4) co r respond ing  to the n - th  e igenvalue 
of the p a r a m e t e r  gn, and is de t e rmined  f rom the equa-  
t ions 

a x  (r) + ~ x  (r) = o, (3~ 

1 OX(r) +x(r)la i = O, 
Bi ON 

0 X(r) 
ON d e = 0, (4~ 

and r = r /d  i is a d imens ion l e s s  coordinate .  
The solut ions  of Eq. (5) cor responding  to di f ferent  

e igenvalues  a re  mutua l ly  orthogonal  in the r ange  1 <- 
-<- r -< R with weight p(r) = r : 

S p(r) X,, (r) X~ (r) dr = 0 when m ~ n, 

and the in tegra t ion  is pe r fo rmed  over the region  in 
which the solut ion is sought. 

00  We shal l  wr i te  the express ion  q -- - -  in the fo rm 
0r  

of an expansion in t e r m s  of the funct ions X n (r): 

0o( 0o)L 
q -  o-T = q - ~ Bn x .  (0, (6) 

n = 0  

where 2 Bn xn (r) = 1 
n ~ 0  

iden t ica l ly  equal to 1 

Bn 

is the expansion of a function 

in the funct ions X n (r), while 

Sp (r) X, (r) dr 

,t'P (r)X~ (r) dr 

Subst i tut ing Eqs.  (6) and (5) into Eq. (3), we obtain 

( ~-lla"~q-FoI-L',,,--~ q - -  Bn Xn( r )=0 .  
z--1O ~ ~-~ 

n=:o 

This  equality, l ike the in i t ia l  condit ion u[T= 0 = 0, mus t  
be sa t i s f ied  ident ica l ly  for any r .  F o r  this  it  i s  n e c e s -  
s a r y  that  each function un sa t is fy  the equation 

0 . ,  ( 0 0 )  
O~ ~ a. v n =  B. q - -  T ~  ' ".IT:o:=0, (7) 

where  a n = Fo #z n. 

Solving Eq. (7), we find 

) 
0 

(s) 

Thus, if v n has the form (8), then Eq. (5), when it 
sa t i s f i es  Eq. (3) and the in i t i a l  condition, wil l  a lso  
sa t i s fy  the boundary  condit ions,  s ince  all the Xn(r) 
sa t is fy  them.  

The re fo re  the solut ion of Eq. (3) is 

;i( I 11 0 0 '  
, =  2"nXn(rl q-- X)exp {9) 

n ~ O  O 

Examining  Eq. (9) on the inner  sur face  of the shell,  
we may wr i te  

;i( ) E An, OO 

n = O  0 

[ 1', x exp - -a~(r - - { )  I dr', (10) 

where  

An = Bn Xn (r)ldi �9 

Exp re s s ion  (10) may be r ega rded  as an equation 
that  r e l a t e s  the t e m p e r a t u r e  T = u + | of the shel l  
to that  of the heat  t r a n s f e r  agent O. 

We wri te  Eq. (2) in the d imens ion l e s s  fo rm 

1 O0 O0 
-g- o--T + aT = k ~I~ 

with the in i t i a l  and boundary  condit ions 

(11) 

01~=0 = 0, 

Olx=0 = Oin, (12) 

where  k = e p l /GC.  E l imina t ing  the va r i ab le  Vldi f rom 
Eqs.  (10) and (11), we obtain the following equation 
r e l a t ing  the unknown @ with the in i t ia l  and boundary  
condit ions (12): 

=O-x- + o -~x ~= o -  = k A,, . q - -  x 

x exp[--an(x--x')]} dx'. (13) 

Following a Laplace  t r ans fo rma t ion  of Eq. (13) with 
r e spec t  to the va r i ab l e  r and in tegra t ion  with r e spec t  
to the space coordinate  x f rom 0 to 1, we obtain the 
t r a n s f e r  functions for the t e m p e r a t u r e  of the agent  at 
the outlet f rom the heated sect ion for pe r tu rba t ions  of 
the power of the i n t e r n a l  heat sources  and the ins ide  
empera tu re :  

co 

k E (An/[S + an]) 

W (S)gout, 7~ = ,=o .o X 

S [l + k 2 (An/[S +a~)] 1 
re:O 
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X 1--exp - - S  1 - - k Z s - - ~ a  ~ , (14) 
n = U  

r 

The t e r m s  

exp [-- S], 

o~ 

exp -- k 'S-~a~J (16) 
n=0 

in (15) for the dimensionless time to the scale T 2 de- 
termine in the Laplace transformation the time for a 
particle of the agent to traverse the section, and the 
distortion of the shape of the perturbing input signal 

by the accumulation of heat in the walls of the heating 

element, respectively. 

If we write the expression for the series appearing 

in the exponent of Eq. (16) in the form 

, , ~ L  a,, / u. s + '  (17) 

s ince the re la t ions  

A~ 1 1 1 
and ,, 

an ~n a n ~n 

hold, it is not difficult to show that for large values of 
n the coefficients of S examined above will tend to 

quantities of a higher order of smallness than Pn. 
It may be seen from the figure (p. 305) that with in- 

crease of R (corresponding to increase in the wall thick- 
ness of the heating element), the period of the function 

y, which determines the values of the characteristic 
roots of the system (3*), (4") for the value of the Bi num- 
ber under consideration, decreases. In other words, 
with increase of R, the value of the first and of all the 

successive roots P0, Pl, #2 ..... Pn for R i will be less 
than the values of the corresponding roots for Ri_ I, 

where Ri > Ri-l. 
If we consider that for the required accuracy of the 

dynamic calculations it is sufficient to restrict our- 

selves to the value of the root #*, it is then evident 

that the number of terms of the series (17) will in- 

crease with increase of R. 

Therefore, for values of R close to unity, we may 

restrict ourselves, with sufficient accuracy, to the 
first term of series (17), which corresponds physically 
to neglecting the distribution of the temperature of the 

metal of the heating shell over the radius, or, ex- 

pressed analytically, the heat conduction equation is 

replaced by a heat balance equation of the form 

q(x)--ctPl lrn-- t )  =CrnY m (d=e d~i) Otm 4 0~ " (18) 

In this s implif ied represen ta t ion ,  the t r a n s c e n -  
dental component  of the t r a n s f e r  functions (14) and (15) 
takes  the form: 

where  

Cm(d e --d~i)Ym zt apl 
a p 4 GC 

I t  is a s t r a igh t fo rward  ma t t e r  to ver i fy  that  the so lu-  
tion of this s impl i f ied problem,  i . e . ,  the s imul taneous  
solution of Eqs .  (2) and (18), is a specia l  case  of the 
gene ra l  p rob lem when R ~ 1. 

In fact, by r ep re sen t i ng  the express ion  for  the f i r s t  
t e r m  of the s e r i e s  (17) in the r ea l  t ime  sca le  

kx2A~~ S / (--~o S-J'l (20) 

it may  be shown that  the coeff ic ients  of S in Eq. (19) 
and (20) a r e  ident ical ly  equal when A 0 = 1, which c o r -  
r e sponds  to R = 1 with the condition 

~ B,~Xn(r ) = 1o 
n = 0  

In a number  of cases ,  when examining this type of 
uns teady problem,  the heat  ba lance  Eq. (18) may  be 
used, al lowing for  the t he rma l  r e s i s t a n c e  of the shel l  
meta l  in the heat  t r a n s f e r  coeff ic ient  

a * = l / (  l - a  +de2~, l n R ) .  

Then the deg ree  of approximat ion  to the exact  so lu -  
tion (it may  be de t e rmined  f r o m  the values  of Eqs .  (19) 
and (16) when S ~ o )  will  be given by the exp re s s ion  

1 - -  exp (k I -  k), 

where  

k 1 -~- a* pl/GC; 

on the other  hand, the value 

l i ms~oexp - -  k S - ~ a ,  = exp [-- k] 
n ~ 0  

allows us to de te rmine  the number  of t e r m s  of the 
s e r i e s  which will provide  the given a c c u r a c y  of so lu -  
tion in this case .  

In approx imate  invest igat ions  for heat ing e lements  
with l a rge  values  of R, it is expedient to r e p r e s e n t  the 
t r anscenden ta l  component  in the f o r m  

where  

Ro (kA./a~) S+ 1 
(21) 

1 (0 < i < o~) 
[kAdaz)S § 1 

is the approximat ion  express ion  

kAiS exp[ S -~- ai j . 

In p rac t i ca l  ca lcula t ions  it is n e c e s s a r y  to l imit  the 
se r i es ,  in which ease  the a c c u r a c y  obtained is of the 
o r d e r  of the value of the coeff ic ient  of the las t  t e r m  
of Eq. (21). 
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The t h e o r e t i c a l  p r e m i s e s  a s s o c i a t e d  with the cho ice  
of m a t h e m a t i c a l  m o d e l s  of h e a t - e x c h a n g e  equ ipmen t  
have  been sub]ec ted  to e x p e r i m e n t a l  v e r i f i c a t i o n  and 
w e r e  app l i ed  in [4], which g ives  a t h e o r e t i c a l  and ex -  
p e r i m e n t a l  d e t e r m i n a t i o n  o f  the dynamic  c h a r a c t e r i s -  
t i c s  of a t e chn i ca l  m o d e l  of the  Kurcha tov  B e l o y a r s k  
a tomic  power  s t a t ion .  

The  poin ts  e x a m i n e d  in th is  a r t i c l e  p e r m i t  the  choice  
of a r a t i o n a l  m a t h e m a t i c a l  mode l  of h e a t - e x c h a n g e  
equ ipment  with p r e d e t e r m i n e d  a c c u r a c y .  

The  technique  d e s c r i b e d  a l so  ex tends  to m a t h e m a t i -  
ca l  m o d e l s  of unhea ted  p a r t s  such as  connec t ing  tubes ,  
s e p a r a t o r  and e v a p o r a t o r  d r u m s ,  and w a t e r - m o d e r a t e d  
w a t e r - c o o l e d  r e a c t o r  v e s s e l s .  

NOTATION 

7, Tm a r e  the spec i f i c  weight  of hea t  t r a n s f e r  agent  
and m e t a l ,  r e s p e c t i v e l y ;  w d i m e n s i o n l e s s  hea t  t r a n s f e r  
agen t  ve loc i t y ;  t ,  t m a r e  the  t e m p e r a t u r e  of hea t  t r a n s -  
f e r  agent  and m e t a l ,  r e s p e c t i v e l y ;  ~ is  the  hea t  t r a n s -  
f e r  coef f i c ien t ;  G is  the  m a s s  f low r a t e  of hea t  t r a n s f e r  

agent ;  p i s  the p e r i m e t e r  washed  by hea t  t r a n s f e r  agent ;  

C,  C m a r e  the  spec i f i c  hea t  of hea t  t r a n s f e r  agent  and 
m e t a l ,  r e s p e c t i v e l y ;  qv,  q(x) a r e  the  spec i f i c  e n e r g y  
output r e f e r r e d  to unit  vo lume  and unit  l ength ,  r e s p e c -  
t ive ly ;  8/8N is  the  d e r i v a t i v e  with r e s p e c t  to d i r e c t i o n  
of ou tward  n o r m a l  to s u r f a c e ;  S i s  the  L a p l a c e  t r a n s -  
f o r m a t i o n  cons tan t .  
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